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Abstract 

Levi's theorem decomposes any arbitrary Lie algebra over a field of characteristic 
zero, as a direct sum of a semisimple Lie algebra (named Levi factor) and its 
solvable radical. Given a solvable Lie algebra R, a semisimple Lie algebra S is 
said to be a Levi extension of R in case a Lie structure can be defined on the 
vector space S®R. The assertion is equivalent to p(S) C Der(i?), where Der(i?) 
is the derivation algebra of R, for some representation p of S onto R. Our goal in 
this paper, is to present some general structure results on nilpotent Lie algebras 
admitting Levi extensions based on free nilpotent Lie algebras and modules 
of semisimple Lie algebras. In low nilpotent index a complete classification 
will be given. The results are based on linear algebra methods and leads to 
computational algorithms 
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1. Introduction 

Given a finite-dimensional Lie algebra L of characteristic zero with solvable 
radical R, Levi's theorem [H, Chapter III, Section 9] asserts that there exists a 
semisimple subalgebra S of L such that L = S © R. Note that if [x, y] denotes 
the product on L: 

• [S, S] C S (S is a subalgebra of L); 

• [L,R] C Nil(L) C R, N = Nil(L) the nilradical of L (see [1, Chapter I, 
Section 7]); 

• R is an S-module via the adjoint representation of the subalgebra S in R, 
p = adS \ R : 

p : S — > gl(R), p(s)(a) = ads(a) — [s, a] 
(the assertion is also valid for the nilradical N.) 
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The algebra L will be call faithful if the adjoint representation p is faithful. This 
condition is equivalent to the fact that L contains no nonzero semisimple ideals. 

We note that p(S) is a subalgebra of the derivation Lie algebra Der R < 
gl(R), (a linear map S : R — » R is a derivation iff 8(ab) = S(a)b + aS(b) where 
ab denotes the product in R). Moreover, the restriction of each 6 G p(S) to the 
nihadical N, provides a subalgebra of the derivation algebra Der N. 

In this way, representations of semisimple Lie algebras over solvable ones 
appear as a tool in the natural problem of determining all the finite-dimensional 
Lie algebras. In fact, the Lie algebras with abelian radical (R 2 = 0) are nothing 
else but split null extensions L = S © V where S is a semisimple Lie algebra 
and V an arbitrary S-module according to the definition of Lie module (see 0, 
Chapter I, Section 5] ) . The multiplication on the extension algebra L = S © V 
is given, for it, v G V and s G S, by: 

o [u,v] = 0; 

o [s,v] = —[v,s] = p(s)(v) = s ■ v, where p : S — > g[(V) denotes the 
representation of S onto V; 

and S is viewed as a Lie subalgebra of L. We also note that V is an abelian 
ideal. If V is a trivial module, the center in the null extension algebra L = S(B V 
is just Z(L) — V. This situation provides a trivial decomposition and leads the 
following definition: 

Definition 1. A Lie algebra is said to be directly decomposable (indecompos- 
able) in case it can (cannot) be decomposed into a direct sum of ideals. 

In characteristic zero, any indecomposable Lie algebra is a faithful algebra; the 
converse is not true in general. On the other hand, any Lie algebra L with 
radical R can be decomposed into the direct sum (as ideals) of a semisimple 
Lie algebra and a faithful Lie algebra with the same radical. In case L be 
decomposable, L splits into a direct sum of ideals which are indecomposable as 
Lie algebras, and the radical R is just the sum of the radicals of the ideals in 
the decomposition. 

In a more general setting, in order to get a Lie algebra by gluing a semisimple 
algebra S and a solvable one R, the following conditions are needed: 

o A representation p : S — > Ql(R); then p([x,y]) = [p(x),p(y)] and so, for 
x, y G 5, a G R we have: 

p([x, y])(a) = p(x){p(y)(a)) - p(y)(p(x)(a)), 

where [x, y] is the product in S. Denoting by p(x)(a) = x ■ a, the previous 
equation can be rewritten as: 

[x,y] ■ a = x ■ (y ■ a) - y ■ (x ■ a). 

o p{S) C DerR. 
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The previous conditions completely the general construction of Lie algebras 
by gluing solvable and semisimple Lie algebras as the following result shows: 

Lemma 1.1. Given a semisimple Lie algebra S and a solvable one R, the vector 
space, L — S © R admits a Lie algebra structure with solvable radical R and S 
as subalgebra if and only if there exists a representation p : S — > such that 

p(S) C DerR. 

Proof. The direct is clear from the previous introductory comments. Assume 
then there exists a representation p such that p(S) C Der R and denote p(s)(a) = 
s ■ a. The product in the vector space L = S (B R is given by the corresponding 
multiplications on S and R viewed as subalgebras of L and, for s G S, a € R 
[sa] = — [sa] = s ■ a provides the desired Lie algebra structure on L (the Jacobi 
identity is a straightforward computation from the hypothesis). □ 

This is the natural starting point in [l3T ] to examine the problem of classifying 
finite dimensional Lie algebras with a given radical. The algebra obtained by 
gluing S and R through the representation p is denoted by S (B P R. In [lj|, for 
an arbitrary solvable Lie algebra R, the authors take a Levi subalgebra Sq of 
Der R and consider the faithful Lie algebra Lq = Sq (Bid R. The algebra Lq is 
called universal Lie algebra with radical R and, up to isomorphisms, Lq does 
not depend on the choice of Sq. In fact, from Propositions 3 and 4 in [131 ]: 

Theorem 1.2. [Onishchick-Khakimdzhanov, 1975] Any faithful Lie algebra 
with radical R is isomorphic to a subalgebra of the universal algebra Lq of the 
form S (Bid R where S is a semisimple subalgebra of Sq . Moreover, given Si , S2 
semisimple subalgebras of Sq, the subalgebras Si(BidR and S2®idR are isomor- 
phic if and only if there exists an automorphism if or R such that ipSiip^ 1 = S2 ■ 

So, the classification problem for Lie algebras with solvable radical R is 
solved by knowing the automorphisms and Levi factors of the derivations of R. 
A different approach is given in (l7| and (lij . where some necessary conditions 
on the radical structure of an indecomposable (non solvable) Lie algebra are 
displayed. The conditions follows from Levi's theorem and representation theory 
of Lie algebras. As an application, in 18] all the real Lie algebras of dimension 
< 9 that admit a nontrivial Levi decomposition are found. The classification 
involves only the simple real Lie algebras S03(fc) and s^ik) as Levi factors. The 
ideas in these papers lead to the next definition: 

Definition 2. Given a solvable Lie algebra R, a semisimple Lie algebra S is said 
to be a Levi extension of R if there exists a representation p : S — > £)I(i?) such 
that p(S) C Der R. Moreover, the Levi extension S will be say indecomposable, 
faithful or trivial Levi extension if the corresponding Lie algebra S © p R is 
indecomposable, and p is a faithful or a trivial representation. 

Our goal in the present paper is to study the structure of nilpotent Lie alge- 
bras admitting a Levi extension. We will consider the case when the Lie algebra 
obtained by gluing a nilpotent Lie algebra and a Levi extension is faithful. A 
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good explanation of the interest of the subject is given in [17| and references 
therein. The nilpotent condition is not very restrictive because of [Lsl Theo- 
rem 2.2 ] (see Proposition 12 . 21 in this paper) and the fact that the classification 
of solvable Lie algebras can be reduced to the classification of nilpotent Lie 
algebras according to (l2T |. 

The paper splits into three sections apart from the Introduction. In Section 2 
some basic definitions and generic results on the radical structure of Lie algebras 
admitting Levi extensions are reviewed; following the ideas in 13], a general 
construction will be given by gluing characteristically nilpotent Lie algebras and 
Heiscnberg Lie algebras. Free nilpotent Lie algebras are introduced in Section 3 
as a main tool in the study of nilpotent Lie algebras that admit Levi extension(s). 
The former algebras let us characterize the last ones by using representation 
theory of scmisimple Lie algebras. Section 4 is devoted to the classification of 
3-step nilpotent (TV 3 = 0), also known in the literature as metabelian algebras, 
and 4-step nilpotent (TV 4 = 0) Lie algebras. Our classification results provide 
a constructive way of getting a huge variety of examples of nilpotent algebras 
admitting any simple Lie algebra as Levi extension(s). Most part of the results 
in the paper are based on linear algebra methods and leads to computational 
algorithms included in Q. 

Throughout the paper, all the vector spaces and algebraic objects are finite- 
dimensional and considered over a field k of characteristic zero. Standard defi- 
nitions, notations and terminology can be found in Q and Q. 



2. Basic structure and preliminary examples 

Let TV be a finite-dimensional nilpotent Lie algebra, Der TV and Aut TV its 
derivation algebra and automorphism group respectively. We will denote the 
product in TV as [a, b] and [U, V] denotes the linear span of the set v] : u £ 
U,v S V}. From the definition of nilpotent algebra, the lower central series 
(l.c.s. for short) 

TV, TV 2 = [TV, TV], TV 3 = [TV, TV 2 ], . . . , N j = [TV, N j+1 ], . . . 

of TV ends at and the largest t for which TV* ^ is called the nilpotency index 
of TV (t-nilindex for short); in this case, we will say that TV is a t-nilpotent Lie 
algebra, so TV t+1 = or TV is (t + l)-step nilpotent. The type of TV is just the 
dimension of N/N 2 . Along the paper, Z(N) will denote the center of TV; for 
nilpotent algebras the center is a nontrivial ideal and it is invariant under any 
derivation of TV, i.e., the center is a characteristic ideal, as terms N J in the l.c.s. 

A torus on TV is a commutative subalgebra of Der N which consists of semi- 
simple endomorphisms. Following [15|, Lemma 2.8], over fields of characteristic 
zero, all maximal (for the inclusion) tori on TV have the same dimension. This 
dimensional invariant is called the rank of TV and it is well known that rank N < 
type N. 

From Levi's Theorem, any Lie algebra splits as the direct sum of its maximal 
solvable ideal, the solvable radical, and a semisimple Lie algebra. Recall that 
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nilpotent Lie algebras are a special subclass of solvable Lie algebras and that a 
solvable Lie algebra contains a unique maximal nilpotent ideal named nilradical. 
As a consequence of Lemma ITTTT we get: 

Corollary 2.1. A solvable Lie algebra of characteristic zero admits a nontrivial 
Levi extension if and only if its derivation Lie algebra is not solvable. □ 

Moreover, from complete reducibility of representations of semisimple Lie 
algebras, we easily arrive at Theorems 2.1 and 2.2 in [lij : 

Proposition 2.2. [Turkowski, 1992] Let L = S © R a Levi decomposition for 
the Lie algebra L and denote by p the adjoint representation of the Levi factor 
S onto the solvable radical R. Then, R = N ffiT where N is the nilradical of L 
and T is a trivial module. In particular, if p does not provide trivial modules, 
the radical R is nilpotent. Moreover, if p is irreducible, R 2 = and therefore L 
is a split null extension of S and R via p. 

Proof. The first assertion follows from [L,R] C JV and the fact that N is a char- 
acteristic ideal and implies immediately the second one. For the third assertion 
use that R 2 is a characteristic ideal and the solvability of R. □ 

On the other hand, for nilpotent Lie algebras that admit Levi extension(s), 
in 17|, Theorem 2] we find these basic structural conditions: 

Proposition 2.3. [Snobl, 2010] Let N be a (t+ l)-step nilpotent Lie algebra of 
characteristic zero, t > 2 and S be a Levi extension of N with related represen- 
tation p. Assume that the Lie algebra L — S © p N is directly indecomposable. 
Then, p is a faithful representation and there exists a decomposition of N into 
a direct sum of S-modules 

N = mi © m 2 © . . . © m t 

which holds the following properties (2 < j < t): 

i) 771 1 is an S -module that generates N as subalgebra; in particular, p \ rri\ 
is a faithful representation; 

ii) — rrij © N^ +1 with rrij C [mi, rrij-i]; 

Hi ) a module rrij decomposes into a sum of some subset of irreducible compo- 
nents of the tensor representation mi (&mj—i; moreover, if rrij _i = kx is 
of dimension 1, the irreducible components of rrij are among those of mi. 

Previous proposition points out that, for nilpotent algebras that admit Levi 
extension(s), the quotient iV- 7 /N^ +1 of two consecutive terms in the l.c.s. of 
N splits into irreducible pieces inside the tensor product &N/N 2 . This will 
be the central structural feature on our resuls. The last part of this section 
is devoted to show several examples of nilpotent Lie algebras admitting or not 



Levi extension(s) following the ideas in [13|. The examples are obtained from 
natural decompositions of linear maps spaces involving symplectic Lie algebras. 
In the examples, we will remark some module decompositions to enlighten the 
results in Section 4. 
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Example 1. Following 0, Chapter 4, Section 4.6,], a Heisenberg algebra (f), [x, y]) 
is a Lie algebra such that its center is one dimensional and equal to f) 2 . For 
such an algebra, if we denote by Z{\)) = kz, the kernel of the alternating 
bilinear form b : f) x f) — > k given by [xy] = b(x,y)z is just kz, so there 
exists a basis {x\,...,x n ,y\,...,y n ,z}, called standard basis of f), such that 
[xi, yj] = — [yjXi] = SijZ and the rest of brackets of basic elements are zero. We 
will denote by f)„ the Heisenberg algebra generated by 2n + 1 vectors. 

Now we investigate the structure of the derivation algebra Der f)„ (an al- 
ternative matrix description can be found in Q and in \[). Section 2]). Let V 
be an arbitrary complement of Z(\) n ) = kz in t)„. Then f)„ = V © kz is a 
2-graded decomposition, so we can introduce the natural grading on the set of 
endomorphisms of \) n : 

End (f) n ) = End- (t)„) © End l (f) n ). 
Let (5 £ Der f) n and consider the homogeneous decomposition 

(5 = 5 + 5 x . 

Since the center is a characteristic ideal of dimension 1, we have that Sq(z) = az, 
Si(z) = and Si G Dert) n . But 5q e Der\\ n if and only if do| v — ^idy € 
sp 2n (K^) and therefore, 

= / + ^ «<iy 

where /| v 6 sp 2ll (V"), /(z) = 0, the map idy is the identity on V and idv(z) — 
2z. Then: 

Der f)„ = {<5 : S\ v e sp 2 „(V, 6), (5(z) = 0} © fc • fd v © {<5 : 5(F) C fcz, <5(z) = 0}. 

The algebra Deri) n is a Lie subalgebra of gl(f) n ) = End(t) n )~ with product 
[^1,^2] = ^1^2 — S2S1. Note that the solvable radical of Dert) n is just the 
(2n + l)-dimensional space 

t n = k- fd v © {5 : <5(V) C fcz, S(z) = 0} (1) 

and the (abelian) nilradical is n = {6 : 6(V) C kz, 8{z) — 0}. The sublagebra 

*V2n(V,bf = {6 : 6\ v e sp 2n (V,6),5(^) = 0} 

is a Levi factor of Der t)„ isomorphic to the simple symplectic Lie algebra 
sp 2n {V,b). Under the adjoint representation of Derf}„, the map idy acts on 
n as the identity and the sp2 n (V", 6)"-module n is isomorphic to the dual mod- 
ule V* = V(Ai)* of the natural sp 2n (V, &)-module V. Both V and V* are 
isomorphic modules of fundamental weight Ai as highest weight. Note that 
f)n = V(Xi) © V(0) through the representation p = id of sp 2n (V, 6)" on fj ra . □ 

The remarks in previous Example [1] can be summarized in the following 
result: 
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Proposition 2.4. Any faithful Lie algebra with radical f) n is isomorphic to 
a Lie algebra of the form S (Bid f)n where S is a semisimple subalgebra of the 
symplectic Lie algebra sp 2n {V,b) i = {5 e gi(i) n ) ■ S\ v <E sp 2n (V, b), S(z) = 0}. 
Moreover, the universal Lie algebra with radical \) n , Lo(f)n) = s p2n(^ ®id §n 
is indecomposable. 

Proof. The decomposition assp 2n (V, ^"-modules of L is V(2Ai)©V(Ai)©V(Q), 
so the nontrivial submodules are V(2Xi) = sp 2n (V,b)$ , F(0) = fcz, F(Ai) = f)„ 
and any direct sum of two modules of them. A proper ideal of Lq cannot contains 
the ^-module V(2Xi). So, the only possibilities for ideals are Z(\) n ) = kz and 
f)„, which proves the last assertion. □ 

However, not all nilpotent Lie algebras admit a Levi extension. This is the 
case of filiform Lie algebras of dimension > 4 and the so called characteristically 
nilpotent Lie algebras. 



Example 2. From [14|, a Lie algebra^ of dimension n > 3 and (n— l)-nilindex 
is called n- filiform. Note that 3^ is just the Heisenberg 3-dimensional f)i. 

Filiform algebras are of type 2 and the quotient of two consecutive terms in 
their l.c.s. is 1-dimensional. This last assertion is the special feature for which 
this class of algebras does not have nontrivial Levi extension(s) for dimension 
> 4. This fact was first noticed in P, Main Theorem 1] for indecomposable Lie 
algebras. The proof given in this work uses arguments on basis and structure 
constants. Here we will stablish that, except for J3, a filiform Lie algebra 
cannot be the radical of a nontrivial Levi decomposition. The proof follows 
easily from the structure result iii) in Proposition 12.31 Note that according to 
next Proposition and its Corollary, a corrigenda of Theorem 1 in [l| must be 
done. □ 

Proposition 2.5. The unique filiform Lie algebra that admits a nontrivial Levi 
extension is the Heisenberg algebra f)i = span < x,y,z >. For this algebra, 
Der f)i = sp 2 (k • x © k ■ y ,by ffi ti as described in Example{l\ and therefore, the 
split 3-dimensional simple Lie algebra is its unique nontrivial Levi extension. 
Moreover, the universal Lie with radical f)i is the 6 -dimensional Lie algebra 
La(t)i) = sp 2 (k ■ x ® k ■ y,by (Bid f)i with basis 

x,y,z,h=(^ _ 1 ):e=^ Q o)'- / ' = (l 

and nonzero products: xy — z, hx — x, hy = —y, ey — x, fx — y, he = 2e, 
hf = —2/ and ef = h. 

Proof. Assume first S is a nontrivial Levi extension of $ n . Following i) of 
Proposition 12. 3[ is an algebra generated by a 2-dimensional module m.\ . 
Since S provides a nontrivial extension, mi must be a nontrivial module. So 
S acts faithfully on mi and S = sl 2 (k), the simple 3-dimensional split algebra 
for which mi is the irreducible 2-dimensional V(X\) = V(l). In case n > 4, 
we have $ n — mi (B T,"~ 2 kxj, where mj = kxj are trivial modules which is no 
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possible from iii) in Proposition 12.31 Then n — 3, #3 = f)i and Proposition 
completes the proof. □ 

Corollary 2.6. A filiform Lie algebra $ n with n > 4 cannot be the solvable 
radical of any nonsolvable Lie algebra with nontrivial Levi decomposition. Ln 
particular, the derivation Lie algebra of a filiform algebra of dimension > 4 is 
a solvable algebra. □ 

Example 3. Following for a Lie algebra n and 35 = Dern, we define let 
recursively: 

n' 1 ' = 35(n) = {T,Si(xi) : X4 £ n,5 t e 35} and n [k+1] = 35(n w ). 

The algebra n is said to be characteristically nilpotent (for short C9T-algebra) 
if rJ fe l = for some k. The first known example of a £9T-algebra is the 8- 
dimensional algebra 35 Is described in terms of the basis {ai : 1 < i < 8} and the 
products: [ai,aj] = —[aj,ai\ and [oi,Oj] — for i < j; [01,02] = —[03,04] = 05, 
[01,03] = [02,04] = as, [01,04] = -[o2,Oe] = -[03,05] = a-7 and [01,05] = 
-[02,03] = [04, a 6 ] = -a 8 . 

By using [1CJ, Theorem 1 ] , we get that the class of characteristically nilpotent 
algebras equals the class of Lie algebras whose derivation algebra is nilpotent. 
So, the derivation algebra of a C9T-algebra does not contain semisimple sub- 
algebras and therefore, the algebras in this class can not have nontrivial Levi 
extensions according to Corollary 12. II □ 

Proposition 6.5 in [ll| allows us to recover £9t-algebras to get nilpotent Lie 
algebras admitting Levi extension(s): Let n be a characteristically nilpotent 
algebra such that {x £ n : [x, tl] C Z(n)} C n 2 , z £ n a central element 



and Vi a 2-dimensional vector space. Combining these ingredients, in the 
authors endowed the vector space L\ = n © V% with a structure of nilpotent 
Lie algebra for which its derivation algebra splits as Der C\ — sl 2 (k) © 9T, 91 
being a nilpotent ideal. Hence the universal Lie algebra with radical C\ is given 
by Lq{C\) = si^k) (Bid A- The special trick in this construction is to define 
a Heisenberg algebra structure on V\ ® kz. This result can be generalized as 
follows: 

Proposition 2.7. Let n be a characteristically nilpotent Lie algebra such that 
the ideal {x e n : [x, n] C Z(n)} is contained in the derived subalgebra n 2 
and let zq G n a fixed central element. For any 2n- dimensional vector space 
V n = span < Xi,yi : 1 < i < n > , consider the direct sum 

C n {n,z ) =n®V n 

with extended product [xi,yi] = — [y^, y%\XQ, \V n ,X\\ — and n as subalgebra. 
Then, £ n (n, zq) is a nilpotent Lie algebra with the same nilindex that n and 

Der £„(n, z ) - sp 2n (V n , b)* © m 
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where sp 2n (V n ,b)* = {8 E g[(£ rl (n, z )) : S\ Vn E Sp 2n (V n , b), S\ n = 0} and 

91 = {5:5\ Vn = 0,S\ n EDem,S(z )=0} © 

{6 : S(V n ) C n 2 ,<5(n) C V n ,6\ n 2 = 0,ad a 8(u) = -b(u,S(-))z V ueV „}, 

is a nil-potent ideal which consists of nilpotent linear operators. 

In particular, any faithful Lie algebra with radical C n (n, Zo) is isomorphic to 
a Lie algebra of the form S (Bid £„(n, zq) where S is a semisimple subalgebra of 
the symplectic algebra sp 2n {V n ,b)* . 

Proof. Along the proof we write C n instead of £„(n, zq). It is immediate to 
check that the product defined above gives a Lie algebra structure on C n . Note 
that Z(C n ) = Z(n) and £ 2 — n 2 . Then C % = n % for i > 2 and therefore C is 
nilpotent. 

Consider now the nondegenerate alternating form: b : V n x V n — > k defined by 
[u, v] — b(u, v)z . Since C — V n © n is a 2-graded algebra, any d £ End(C n ) can 
be decomposed as a sum of homogeneous components 8 — So+Si, Si G Endj(C n ). 
Assuming 8([x 7 y}) — [S(x) 7 y] + [x 7 S(y)}, we get that 8 : C n — > C n E Der C n if 
and only if the following conditions holds: 

a) for u,v E V n , b(u, v)8 (z ) = (b(8 (u), v) + b(u, S (v)))z a ; 

b) Si | n 2 = and So | n & Der n; 

c) for u E V n ,a E n, [<5i(u),a] = — b(u, Si(a))z a . 

Let 8 be an arbitrary derivation of C n . Since n is characteristically nilpotent, 
zero is the unique possible eigenvalue of 8. Then, assertions a) and b) imply 
8{z ) = 8q{zq) = Si(z ) = and <5 |y„ E sp 2n (V n ,b). Moreover, from {x E n : 
[x, n] C Z(n)} C n 2 and c) we have that 8i(V n ) C n 2 . 

From previous information we can decompose the derivation algebra of C 
into three subspaces: 

DerC n = {8 E End„(C n ) : S\ Vn G Sp 2n {V n , b), S\ n = 0} © 

{8 E End- Q {C n ) : S\ Vn = 0,<5| n E Dern : S(z ) = 0} © 

{8 E Endi(C n ) : S(V n ) C n 2 ,<5| n 2 = 0,ad a 8(u) = -b(u,6(-))z V„ eVn }- 

Now, the vector space 91 given by the second and third terms in the direct 
sum decomposition of Der C n is and ideal. Moreover, the derivations in 91 are 
nilpotent maps: for 8 = So + Si E N and using that n is characteristically 
nilpotent, we can get 8 r (C n ) C n 2 = £ 2 for some s > 2; so, the assertion follows 
from the nilpotency of C n . □ 

Example 4. The center of the Lie algebra T)ls is Z(®1$) = k ■ + k ■ e 8 . It 
can be easily checked that {x E Dl s '■ Q Z(Dl$)} C D[g, so for n > 1 

and (0,0) ^ (a, (3) E k x k we get the series of nilpotent Lie algebras (4-step 
nilpotent, as Sis): 

C n (Dl s , ae 7 + f3e 8 ) = Dl 8 © V n . 
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The universal Lie algebra with (nil)radical C n (T)l$,ae 7 + (3es) is 

L (C n (Dl s , ae 7 + /3e 8 )) = sp 2n (V„,b)* @ id C n (Dl s , ae 7 + /3e 8 ). 

Hence C n (^Dls,ae7 4- (3eg) allows nontrivial Levi extensions through symplectic 
Lie algebras and their semisimple subalgebras. The sp 2n (V n , 6)*-module decom- 
position of £„(£I 8 ,ae 7 + /3e s ) is V(Xi) ® 8V{0). □ 



3. Universal free nilpotent algebras and Levi extensions 

In this section we will introduce the main tool to describe all the possible 
nilpotent Lie algebras that admit faithful Levi extension(s). Instead of con- 
sidering the derivation algebra of a fixed nilpotent Lie algebra, we propose an 
alternative way starting from semisimple Lie algebras. The nilpotent Lie al- 
gebras we are looking for will appear as quotients of universal nilpotent Lie 
algebras generated by modules of semisimple Lie algebras. 

Given a finite set X = {x\, . . . , x^} and the vector space m with basis X, 
the free associative algebra generated by X can be defined as: 

oo 

$x = kl © ^2 ® im - 

i>i 

In Q the free Lie algebra generated by X, and denoted by $£x, is defined as 
the subalgebra of [ab] = ab — ba) generated by X. Then, 

m>l 

where 5"£ m is the subspace generated by the linear combinations of homogeneous 
elements of the form [x^, . . . ,Xi m ] = [. . . [xi t Xi 2 ] . . . x» m ], with Xi s 6 X. Let us 
denote by ££ m the ideal J2j>m ail dj f° r a nxc d i > 1, let us consider the 

quotient Lie algebra: 

^ = ^ ■ (2) 

According to 0, Proposition 4] and [6;, Proposition 1.4], the algebra in @ 
verifies the following universal property: 

Proposition 3.1. The algebra Afd.t is a t-nilpotent and graded Lie algebra of 
type d and any other t-nilpotent Lie algebra of type d is an homomorphic image 
ofN d , t . □ 

In fact, for a given t-nilpotent Lie algebra n of type d with (minimal) gen- 
erating set G = {ei, . . . , ed}, the correspondence Xi i— > extends naturally to 
the surjective homomorphism of Lie algebras 9q ■ Nd,t n: 

6> G ([zii, ■ • -,Xi m }) = [e 4l ,e i2 , . . . ,e im }. (3) 
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Thus, n is viewed as the quotient Lie algebra Afd,t / Ker 9g with Af\ t % Ker 6q C 
Af 2 1 . From now on, we will refer to Afd,t as the free nilpotent Lie algebra of 
t-nilindex generated by m — span < x±,...,Xd > and to Oq as the natural 
homomorphism of Afd.t onto n induced by G. 

On the other hand, from Proposition 2], any linear map 5 : m — > Afd.t 
can be extended uniquely to a derivation d of Afd,t by defining: 

s 

, ) • • • ) ^ij ) • * • *^i s ]) ^ ^ fail 5 ^2 ? • ■ • 5 ^(^ij )i • • • ^ s ]" (^) 

The maps <5, let us define the monomorphism of Lie algebras: 

A : g[(m) -t DerMd.t , 5^8. (5) 

Hence the derivation algebra of the free nilpotent Lie algebra generated by m 
can be described as: 

DerM d ,t = {5 : S G sl(m)} (Bk-id^ © {? : <5 G ffom(m, jV(d, t) 2 )}. 

Note that 9td,t = fc • id m © {<5 : 5 G Hom(m, Af(d, t) 2 )} is the solvable radical 
of the derivation algebra and ^S\d,t = {S : S £ Hom(m,Af(d,t) 2 )} is a nilpotent 
ideal (we also note that [id m ,5] = S for any 8 G ^ld,t)- Moreover, s[(m)" = 
{S : S G s[(m)} is a Levi subalgebra of Der Afd,t isomorphic to the special linear 
algebra sl(m), a simple Lie algebra of Cartan type Ad-i). Then: 

Proposition 3.2. Any faithful Lie algebra of characteristic zero with radical 
the free nilpotent algebra Afd.t generated by m is isomorphic to a Lie algebra 
of the form S ®id Nd,t where S is a semisimple subalgebra of the special linear 
algebra sl(m) B = {5 G DerMd,t ■ 8 | m G sl(m)}. □ 

Now, using the ideas in [161 Section 2], we will stablish an alternative way 
of finding all the Levi extensions of Md,t and its homomorphic images instead 
of looking for semisimple subalgebras of s[(m). 

Lemma 3.3. Let M be a free nilpotent algebra of characteristic zero generated 
by m. Then, TV admits a Levi extension S if and only if the vector space m 
admits a S-module structure. 

Proof. For a given representation p such that p(S) C DerAf, since N 2 is a 
p(5)-module, by complete reducibility, we can decompose Af = M 2 © V for 
some iS-module V; note that, since V generates Af, for any faithful extension, V 
is a faithful module. Now, m and V are equidimensional and therefore m can be 
viewed as 5-module. For the converse, let p be a representation of m; the map 
A o p, with A as in ([5]), is a representation of N such that A o p(S) C DerAf 
and therefore the result follows. □ 

Proposition 3.4. Let Afd.t be the free t-nilpotent algebra of characteristic zero 
generated by m = span < x\,...,Xd > and n be an arbitrary t-nilpotent Lie 
algebra of type d. Then, the following assertions are equivalent: 
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a) S is a Levi extension of n; 

b) Md,t admits S as a Levi extension and there exists a minimal generating set 
Gofn for which the natural Lie algebra homomorphism 9 G is a S -module 
homomorphism. 

Proof. Assume firstly S be a Levi extension of n attached to the representation p, 
so p(s) £ Der n for s £ S. By complete reducibility, we can decompose n = n 2 © 
V for some S-module V. Take as generator set of n any basis G = {ex, . . . , e^} of 
V. Consider the natural homomorphism 9 G from Afd,t onto n given by 9 G {xi) = 
e». The one-one linear map 9 m : in — )■ V given by 9xni % a) — @g(.o), lets define 
the representation p' : S — >• fll(m) by means of p'(s) = 9~ 1 p(s) \y 9 m . Now, the 
homomorphism Aop', where A is as in (JSJ) , provides a representation of Afd.t 
such that A o p'(S) C DerAfd,t- For this representation we have: 

8 G oA(p'(s))([x n ,x t2 ,...,x tk }) = 

Y, k j=i[°G(x tl ),o G (x l2 ), . . . , P (s)(e G (x ij )), . . .,e G (x ik )] = 

p(s)([9 G (x ll ),9 G (x l2 ), . . .,6 G {x lj ), . . .,9 G (x lk )}) = p{s) o 6 G ([x h ,x i2 , . . .,x ik ]). 

So 9 G o A(p'(s)) = p(s) o 9 G which proves b). The converse is clear. □ 

From previous discussion, we can state our main result: 

Theorem 3.5. Let S be a semisimple Lie algebra, m a d-dimensional S-module 
given by the representation p and Afd.t the free t-nilpotent Lie algebra generated 
by m. The t-nilpotent Lie algebras of type d admitting S as Levi extension 
are of the form Nd,t/I where Afd.t and the ideal L are S -modules through the 
representation A o p ; with A as in and M\ t % I C Af^ t . In this case, Afd,t 1 1 
is regarded as a quotient S-module. Moreover, Md,t/I is a faithful module if and 
only if m also is. 

Proof. The result follows from Lemma 13.31 and Proposition 13.41 For the last 
assertion, note that the representation p' of S in Md,t/I is given by p'(a + I) = 
A o p(s)(a) + I. Since m generates Nd,t, p' is faithful representation if and only 
if Ker p' — {s £ S : A o p(s)(a) £ /,V a£m } = 0. But lnm = and m is a 
A o p-invariant set. Hence Ker p' = ker p. □ 

Definition 3. Given a free nilpotent Lie algebra J\f admitting the semisimple 
algebra 5 as a Levi extension through the representation p, the ideals of Af 
which are ^-modules will be called S-ideals. 

We remark that S-ideals of J\f are just the ideals of the Lie algebra S © p N 
contained in AT . 

4. Low nilindex and Levi extensions 

Previous section stablishes that nilpotent Lie algebras admitting Levi exten- 
sion^) can be characterized by modules of semisimple Lie algebras as generating 
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sets of free nilpotent Lie algebras. In low nilindex, we can construct a huge vari- 
ety of examples, as displayed in TableQ] using Theorem l3.51 multilinear algebra 
and simple Lie algebras and their irreducible modules 

Models of free Lie algebras of nilindex 2 and 3 can be built by symmetric and 
skewsymmetric powers of vector spaces. The Lie algebra Afd,2 has dimension 

and following [(| Section 2], this algebra is isomorphic to: 



7V(m,2) =me/\m, 

where m is an arbitrary d-dimensional vector space with nonzero skewsymmetric 
product given by [x, y] — x Ay, for x, y € m. Similarly, the dimension of the Lie 
algebra 3 is: 

and, up to isomorphisms, it can be realized as follows: the tensor product 
m (g> f\ 2 m decomposes as the direct sum of the vector spaces t and s where 

3 

t = span < x <E> (y A z) + y ® (z A x) + z <g> (x A y) : x, y, z G m >= /\ m 
and 

m (g> /\ 2 m 



s = span < 2x <g> {y A z) + y ® (x A z) + z <g> (y A x) : x, y, z 6 m >= 
In fact: 



t 



t 



x®(yAz) = ^-(x®(yAz)+ y ® (z A x) + z ® (x A yj) + 



-(2x <g> (y A z) + y (g) (x A z) + z (g) (y A x)). 



Then, the vector space 



2 



jV(m,3) = m© f\m®s 

with skewsymmetric product given, for x,y,z € m, by [x,y] — x Ay and 

2 11 
[x, y A z] — —x ® (y A z) + -y <E> (x A z) + —z ® (y A x) 

(all other products being zero) is the free 3-nilpotent Lie algebra of type d. 

Now assume m is a faithful 5-module for some semisimple Lie algebra S. 
Without loss of generality, S can be viewed as a Lie subalgebra of sl(m) and 
m as the module given by the representation p = id. Following Theorem 13.51 
the free nilpotent algebras of nilindex 2 and 3 inherit the module structure of 
m by means of the derivations displayed in Q. In this case, for each 8 € S, the 
derivation extension of a linear map 6 : m — > m on /\ m and s is given by: 
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a) d(x) = <5(x), 

b) d([x, y}) = 8{x Ay) = S(x) Ay + xA S(y) 
and 

c) S([x, y A z]) = S(x ® (y A z)) = §(<5(x) ® (y A z) + x ® (<%) A z)+ 

x ® (y A (5(z))) + §(<%) ®(iAz)+y« (tf(ar) A z) + y <g> (x A S(z)))+ 
±(<5(z)® (yA x) + z ® ($(y) A x) + 2 <8> (y A (5(x))), 

for x,y,z G m. So /\ 2 m and s are the modules provided by the natural action 
of S on (g>™m with n = 2,3: 

5(x®y) = S(x) €3 y + x <g) S(y) 

6(x®y®z) = S(x) ® y ® z + x <& ® z + x ® y (g) 

Then, for 2 and 3 nilindex algebras Theorem 13.51 can be reformulated as: 

Theorem 4.1. Let S be a semisimple Lie subalgebra of s[(m) where m is a 
vector space of dimension d regarded as the natural module through the repre- 
sentation p = id. Then, the extended module structure on Af(m, 2) = m ® /\ 2 m 
and Af(m, 3) =m©/\ 2 m©s is given by considering f\ 2 m and s as S-submodules 
provided for the natural action of S on m <E) m and tn (g) /\ 2 m respectively. More- 
over: 

a) The 2-nilpotent algebras (also known as metabelian) of type dimm that 
admit S as faithful Levi extension are of the form — — - where L is an 

S-submodule of /\ 2 m other than /\ 2 tn. 

b) The 3-nilpotent algebras of type dimm that admit S as faithful Levi exten- 
sion are of the form — — - ' — where J is an S -module of /\ 2 m © S such 

J + [J, m\ 

that s % J + [ J, m] . 

Proof. The first part of the statement follows from previous discussion. Asse- 
tions a) and b) are obtained from Theorem 13.51 and the fact that S- ideals inside 
/\ m are just iS-submodules for metabelian algebras. In the 3-nilpotent case, 
S-ideals are of the form J + [J, m] where J is an S'-submodule of /\ m: given 
an arbitrary S'-module J, the vector space [J, m] spanned by the products [a, b], 
a e J, b e m is an S'-module and since [J + [J, m], N(m, 3)] = [J, m], we get that 
J + [J, m] is an ideal. □ 

Example 5. The nilradical of the Lie algebra Lo(f)i) = s\) 2 (k) (Bid f)i in Propo- 
sition [23] is the free nilpotent A/2. 2 regarded as module for sp 2 (k) as follows: 
V" = fc-xffifc-yis the irreducible 2-dimensional module m = V(Xi) = V(l) 
for the simple 3-dimensional Lie algebra sp 2 (k) — sl2(k). From Clebsh-Gordan 
formula, m®m = V(2)®V(0) and /\ 2 m = V(0) = k-xAy. By setting z = xAy, 
the Lie algebra L (t)i) appears as sp 2 (k) ® Pv(Xi) Af{m, 2). 
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The free 3-nilpotent of type 2 is given by 



Af(m, 3) = m © f\m © m ® f\m, 

generated by the set {x,y,x Ay,x®x Ay,y ®x Ay} and with nonzero skewsym- 
metric products: 

[x,y] = x Ay,[x,x Ay] = x ® x A y ,[y , x A y] — y ® x A y. 

The module m = V(\\) for sl2{k) also gives the universal Lie algebra of radical 
A/"(m, 3), as sl 2 (k) © Pv(Xl) 7V(m, 3) with module decomposition V(2) © V(l) © 
V(0)®V(1). ' ' ' □ 

Remark 1. In the same vein of previous Example [SJ in Table Q] we use irre- 
ducible modules of fundamental weights Ai , A2 and any simple Lie algebra S to 
get a huge variety of series of free nilpotent Lie algebras that admit S as Levi 
extension. According to Theorem , from S-modules, we can get many others. 
The algebras A/"(m, 2) and A/"(m, 3) appears in Table Q] first row; they have no 
proper S'-modules fulfilling the conditions in Theorem [T] (part a)or b)). The 

A/4 2 

Heisenberg algebra t)2 appears as the quotient — — '■ according to 7th row and 

V(A2) 

f)„ as — rr-z ^ or n — ^ ^ we ^ 00 ^ a ^ row ' ^ n a ^ these cases, the universal Lie 

V{\2) 

algebra of radical f)„ is built from the symplectic ap 2n {k) 1 a simple Lie algebra 
of Cartan type C„, and its irreducible module V^(Ai) as main ingredients. 

In the particular case of s[2(fc)-Levi extensions, we work with irreducible 
modules are V(nXi) = V(n) with standard basis {ao, ...,a n } as given in [7, 
Section 7.2]. Using the basis h,e,f of s^fc) described in Proposition 12.51 the 
representation V(n) is given explicitly by the formulas: 

h ■ m = (n — 2i)di for < i < n 

x ■ ao = and x ■ a» = (n — (i — l))aj_i for < i < n 
y ■ a n = and y ■ a» = (i + l)aj+i for < i < n 

A general construction of 2-nilpotent Lie algebras that admit s^fc) as a faithful 
Levi extension can be found in 0] ■ This work along with the results in this paper 
yields to the computational approach to sl2(fc)-Levi extensions in Q where 
several Sage implementations are displayed to compute t-nilpotent Lie algebras 
for t > 3. □ 

A nilpotent Lie algebra obtained as a quotient of a free nilpotent by an homo- 



geneous ideal is called quasi- cyclic nilpotent Lie algebra (see 16| and references 
therein for a basic definition and alternative characterizations). Free nilpotent 
and metabelian Lie algebras are quasi-cyclic; this is not the case for nilindex 
> 3. For quasi-cyclic 3— nilpotent Lie algebras, Theorem [1] can be stablished as 
follows: 
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Corollary 4.2. Let S be a semisimple Lie subalgebra of s((m) where m is a 
vector space of dimension d regarded as the natural module for S corresponding 
to the representation p = id. The 3-nilpotent quasi-cyclic algebras of type dimm 

that admit S as faithful Levi extension are of the form 77^ — — — — where 

1 Pffl{[P,m]+Q} 

P and Q are S -modules of f\ 2 m and s respectively such that s % [P, ttl] + Q. 

Proof. Any 3-nilpotent quasi-cyclic algebra that admits S as Levi extension is of 
the form N(A, m)/L where / is an homogeneous S-ideal. Then, / = J + [J, m] = 
(J+ [J,m]) n A 2 m© (Jns) + [J,m]. The S-submodule P = (J + [J,m]) n f\ 2 m 
satisfies [J, m] = [P, m] and taking Q = J n s the result follows. □ 

In 3— nilindex and for non-quasi-cyclic algebras, the description given in The- 
orem[T]is not as clear as in the quasi-cyclic case. Next Proposition provides some 
necessary conditions on the existence of non-quasi-cyclic Lie algebras admitting 
Levi extension(s). 

Proposition 4.3. Let n be a 3-nilpotent non-quasi-cyclic Lie algebra generated 
by m and S a Levi extension. Assume n = N(m, 3) // for some non-homogeneous 
S -ideal inside N(m, 3) 2 . Then, there exists a S -irreducible submodule B of I 
which has nonzero and isomorphic projections on J\ m and s. Ln particular, 
S ^ s[(m) and N(m, 3) 3 is not an S -irreducible module. 

Proof. Write N(m, 3) 2 = /\ 2 m©s. Since I is non-homogeneous, by complete 
reducibility there is an irreducible S'-submodule B of I such that B n f\ 2 m = 
and Bfls = 0. So the projection maps from B onto f\ 2 m and s are monomor- 
phisms, therefore both A 2 m and s contain an isomorphic copy of B. The last 
assertion follows from [16|, Proposition 8] . □ 

From Tableland Proposition ^. 31 we have that for V(Ai) and a classical sim- 
ple Lie algebraS* (Cartan types A,B, C, D), the quotients N(V(Xi))/I provides 
only quasi-cyclic Lie algebras. In }16l Section 4] a 6-nilpotent non-quasi-cyclic 
Lie algebra C of type 4 and dimension 38 that admit sb(A;) as Levi extension 
is given. This algebra is a quotient of A/4,6 with module structure inherit from 
V(l) © V(l). Using Sage, we have found a 3-nilpotent non-quasi-cyclic algebra 
as a quotient of the free nilpotent A/"(m, 3) where m is regarded as the 5(2 (fc)- 
irreducible V^(10). 

Example 6. Let {vq, . . . , v\o, wq, ■ ■ ■ , w\%, zq, ■ ■ ■ , zq,xq, . . . , X14} be a basis of 
the nilpotent Lie algebra A/10, 18, 6, 4 with multiplication given in Table [2] As 
nilpotent algebra A/10,18,6,4 is generated by the minimal set {vq, . . . , t>io}. This 
algebra admits asl2(^)-Levi extension by considering {vq, . . . , v\o}, {wq, . . . , wis}, 
{zq, . . • , zq} and {xq, ■ ■ ■ , 214} as standard basis (see Remark [1} of the s^fc)- 
irreducible modules V^(10), V(18), V(6) and V(14) respectively. 
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Table 1: Module structure of free nilpotent of nilindex 2 and 3 admitting Levi extension C 









A 2 m 

A m 


A 3 m 


m ® A 2 m 
A 3 m 






V(Ai) 


fc 





V(Ai) 


A 2 




v(M) 


V(A 2 ) 


k 


V(Ai + A 2 ) 






V(X 2 ) 


V(Ai) 


k 


y(Ai + A 2 ) 


A n ,(n 


> 3) 


V(Ai) 


V(A 2 ) 


V(X 3 ) 


V(Ai+A 2 ) 


B 3 




V{\ 1 ) 


V(A 2 ) 


V(2X 3 ) 


V(A! + A 2 ) © V(Ai) 


B„ , (n 


> 4) 


y(Ai) 


V(A 2 ) 


V(X 3 ) 


V"(Ai + A 2 ) © V(Ai) 


C 2 






V(A 2 ) © k 




V(A! + A 2 ) © V(Xi) 






V(\ 2 ) 


V(2X 1 ) 


V(2Ai) 


V(2Ai+A 2 ) © V(X 2 ) 


C„, (n 


> 3) 


y(Ai) 


V(A 2 ) © fc 


V(Ai) V(A 3 ) 


V"(Ai + A 2 ) © V(Xx) 


D 4 




V(Xi) 


V(A 2 ) 


v(a 3 +a 4 ) 


V(Ai + A 2 ) © V(Xi) 


D n ,{n 


>S) 


V(\i) 


V(X 2 ) 


y(A 3 ) 


V(Ai + A 2 ) © V(Xi) 


G 2 




V(Aj) 


V(Ai)0V(A 2 ) 


v(2Ai) © v(Aj) e fc 


V(A 4 + A 2 ) © V(2A0e 
V(Ai) © V(A 2 ) 






V(A 2 ) 


V(3A!)©y(A 2 ) 


V(4Ai) ffi V(3Ai) ffi V(2Ai) 
K(2A 2 ) ffi K(A 2 ) fc 


V(3Ai+A 2 ) © \/(2A! + A 2 )ffi 

V(Ai + A 2 ) © V(2A 2 ) © V(A 2 )ffi 
V(3Ai) © V(2Xi) 






V(Ai) 


V(Ai)ffiV(A 2 ) 


y(2A!)ev(A 2 ) 

V(2A 3 ) ffi V(2A 4 ) e k 


y(2A 1 )©y(A 1 )©y(A 2 )© 

V(2A 4 ) © \/(A!+A 2 )© 
y(Ai+2A 4 ) © V(A 3 + A 4 ) 


!■(, 




V(Xi) 


V(A 3 ) 


V(X 4 ) 


V(A! + A 3 ) © y(A! + A 6 )ffi 
V(X 2 ) 


Ej 




V(Xi) 


V(Ai) e K(A 3 ) 


V(2Ai) © V(A 3 )ffi 

V(A 4 ) © V(Xg) © 


V(A! + A 3 ) © y(A! + A 6 ) 
V(A 2 + A 7 ) © V(2Ai)ffi 
2V(Ai) © V(X 3 ) © V(X 6 ) 


&8 




V(Aj) 


y(A 1 +A 8 )ey(A 3 )e 

V(A 7 ) © V(A 8 ) 


y(2A! + A s ) © V(A 3 +A 8 )© 
^(A!+A 2 ) © V(A 6 +A 8 )ffi 


*1 



2V(X 1 + X 7 )(B2V(X 2 +X 8 )(_ 
2V(A 7 + A 8 ) ©3\/(A 1 +A 8 )f 
2V(A 1 )ffiV(A 2 )ffi2\/(A 3 )< 
V(Xi) © V(A 8 ) © 3V(A 7 )© 
3V(A 8 ) © V(As) 



a 2V(A 5 ) 2V(Ai + 2A 8 ) 2V (2Ai) ffi 3V(A 7 + A 8 ) © 3V(A 6 ) © 4V(A 2 ) © 2F(2A 8 ) © V (Ai + 
A 3 ) ffi ^(Ai + A 6 ) ffi V(A 2 + At) ffi V(2Ai + A 8 ) ffi V(A 3 + A 8 ) ffi 2V(Ai + A 2 ) ffi V(X 6 + A 8 ) ffi 
3V(Xi + A 7 ) ffi 3V(A 2 + A 8 ) ffi 3V(A 3 ) ffi 5V(Ai + A 8 ) ffi 3V(Ai) ffi 3V(A 7 ) ffi 2V(A 8 ). 
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Tabic 2: Non quasi-cyclic 3-nilpotent A/io, 18,6,4 multiplication 



[v ,vi] = w 

[V ,V 2 ] = i *10l 

[v ,v 3 ] = j- *w 2 + x () 

[vo , V 4] = jig * W 3 + \ * X\ 

[vo, V 5 ] = j^j *w 4 + * x 2 
[d , v 6 ] = * w 5 + ^ * £3 

U7] = 55T * w 6 + 143 * £4 + Z 
[VO, V S ] = 8g4 * w r + 216 * X S + 3 * *1 
[l)0,f 9 ] = ^2 * w » + 4^9 * ^6 + I * ^2 
N,«lo] = 48620 * w 9 + 34^2 * x 7 + h * z -i 

[v 1 , v 2] = -pf * W2 — 3 * xo 
[v 1: v 3 ] = Yf * w 'i - x i 

[tli,t) 4 ]=^>H«4-i* X 2 
[V! , V 5 ] = * W 5 + ^ * £3 

[v! , v 6 ] = ^ * W6 + ~m * XA ~ 7 * z " 

[vi , v 7 ] = * W7 + yj- * £5 - 3 * 

[fl,f8] = 4H2 * ™8 + 143 * X 6 - I * Z 2 

[vi,vg] = 2Z3T *wg + jflg *x 7 + i *2 3 

[t>l , Dio] = 4^ * ">10 + 459 * £8 + | * 24 

[«2,U3] = * W4 ~ 1% * X2 

[V2,V 4 ] = g| * W 5 - §2 * £3 

[f2, fs] = 442 * ^6 - f^j * X4, + 21 * 2 

[v2, ve] = |§| * w 7 + ^ * 2:5 + 7 * Zl 
[f 2 , v 7] = * «) 8 + ^ * a; 6 + i * 22 
[f2,V8] = 9^ * + *x 7 - |§ * 23 
[t>2, H = Jfj * wio + jfj- * a; 8 - I * 24 

[«2,flo] = 554 *wn + *£ 9 + I * 25 
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r i 294 42 49 
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